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Abstract
We prove that every closed, connected contact 3–manifold can be obtained from
S3 with its standard contact structure by contact (±1)–surgery along a Legendrian
link. As a corollary, we derive a result of Etnyre and Honda about symplectic
cobordisms (in slightly stronger form).
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1 Introduction
A contact structure ξ on a differential 3–manifold M is a smooth tangent 2–plane field
such that any differential 1–form α that locally defines ξ as ξ = kerα satisfies the
nonintegrability condition α ∧ dα 6= 0. Notice that the sign of α ∧ dα only depends
on ξ, not the choice of α. In particular, M has to be orientable. Without any essential
loss of generality, we assume our 3–manifolds to be oriented, and we restrict attention to
positive contact structures, defined by the requirement that α ∧ dα be a positive volume
form. Moreover, our contact structures will be understood to be coorientable, which is
equivalent to saying that a defining 1–form α exists globally.
The standard contact structure ξ0 on S
3 ⊂ R4 is defined by
∑2
i=1(xidyi − yidxi) = 0.
A theorem of Lutz [19] and Martinet [21] states that on any given (closed, orientable)
3–manifold M one can find a contact structure in each homotopy class of 2–plane fields
by performing surgery on (S3, ξ0) along a link transverse to ξ0. (The part about ‘each
homotopy class of 2–plane fields’ is not completely covered by the cited references, but
belongs to contact geometric folklore, cf. [9].)
Recall the dichotomy between overtwisted and tight contact structures. A contact
structure ξ on M is called overtwisted if one can find an embedded disc D →֒ M with
boundary ∂D tangent to ξ, but D transverse to ξ along ∂D. If no such D exists, then ξ is
called tight. Eliashberg has shown that the (isotopy) classification of overtwisted contact
structures coincides with the (homotopy) classification of tangent 2–plane fields [3].
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In the Lutz-Martinet theorem no statement is made whether every contact structure
on M can be obtained via transverse contact surgery as described, but from the work
of Eliashberg [3] one can deduce that at least all overtwisted contact structures (up to
isotopy) are covered by this construction.
A smooth knot K in a contact manifold (M, ξ) is called Legendrian if it is everywhere
tangent to ξ. Such a Legendrian knot inherits a canonical contact framing of its normal
bundle, defined via any vector field in ξ|K transverse toK. In [2] we described a notion of
contact r–surgery along such Legendrian knots, where the surgery coefficient r ∈ Q∪{∞}
is measured with respect to the contact framing; details will be recalled below. In general
the resulting contact structure on the surgered manifold depends on choices, but for
r = 1/k with k ∈ Z it is fully determined by (M, ξ), K and r [2, Prop. 7] (up to
contactomorphism, i.e. diffeomorphism preserving the contact structures). The inverse
of a contact (1/k)–surgery is a contact (−1/k)–surgery; for the case k = ±1 (which is the
one most relevant to our discussion) we give an explicit proof of this fact in Section 3.
Our main theorem is the following.
Theorem 1. Let (M, ξ) be a closed, connected contact 3–manifold. Then (M, ξ) can be
obtained by contact (±1)–surgery along a Legendrian link in (S3, ξ0).
Contact (−1)–surgery coincides with the symplectic handlebody surgery described by
Eliashberg [4] and Weinstein [25], cf. [15] and Section 3 below. In particular, if (M ′, ξ′) is
obtained from (M, ξ) by contact (−1)–surgery along a Legendrian link, then there is a so-
called Stein cobordism from (M, ξ) to (M ′, ξ′), see [7] for details, and [6] for background
information. This is denoted by (M, ξ) ≺ (M ′, ξ′). If (S3, ξ0) ≺ (M ′, ξ′), then (M ′, ξ′)
is Stein fillable; the concave end (S3, ξ0) of the Stein cobordism can be filled with the
standard symplectic 4–ball.
It would be possible to deduce Theorem 1 directly from the results of Eliashberg [4].
By two contact (+1)–surgeries on a given (M, ξ) one can effect a simple Lutz twist
(Proposition 9 of the present paper). This produces an overtwisted contact structure
on M . Surgery along a suitable link in M produces S3. Eliashberg’s results, in particu-
lar [4, Lemma 2.4.3], then say that S3 (with some contact structure determined by the
choice of surgeries) can be obtained from M by contact (−1)-surgeries. (Alternatively,
one may appeal to [15, Lemma 4.4] and then directly to [4, Thm. 1.3.4].) As shown in
Section 6 below, a further sequence of contact (−1)–surgeries on this S3 will produce
(S3, ξ0).
A. Stipsicz [23] has suggested a similar shortcut to the proof of our theorem.
The extra benefit of the proof of Theorem 1 given in the present paper lies in the
fact that it contains an algorithm for turning contact surgeries with rational coefficients
into surgeries of the desired kind. It thus allows to discuss explicit surgery descriptions
of contact manifolds. We hope to elaborate on this point in a future publication.
It is now an easy matter to derive from Theorem 1 the following corollary, which
generalises a theorem of Etnyre and Honda [7, Thm. 1.1].
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Corollary 2. Let (Mi, ξi) be contact 3–manifolds (as in Theorem 1), i = 1, . . . n. Then
there is a Stein fillable contact manifold (M, ξ) such that (Mi, ξi) ≺ (M, ξ) for each i.
Proof. Let (Mi, ξi) be obtained from (S
3, ξ0) by contact (+1)–surgery along a link L
+
i
and (−1)–surgery along a link L−i . We may assume that the links L
+
1 , L
−
1 , . . . , L
+
n , L
−
n are
pairwise disjoint. Let (M, ξ) be the contact manifold obtained from (S3, ξ0) by contact
(−1)–surgery along the link L−1 ∪ . . .∪L
−
n . Then (M, ξ) is Stein fillable. Moreover, each
(Mi, ξi) is obtained from (M, ξ) by contact (+1)–surgeries, so (M, ξ) is obtained from
(Mi, ξi) by contact (−1)–surgeries.
Etnyre and Honda, by contrast, base their proof on a result of Giroux [13], [14] about
open book decompositions adapted to contact structures. In principle, their methods
suffice to deduce this stronger corollary, too. Our proof arguably has the advantage that
a surgery description is more appropriate in the context of a cobordism theoretic result
than an open book decomposition.
2 Contact surgery
We recall a few definitions and results from [2], chiefly to fix notation and conventions.
Let K be a Legendrian knot in a contact 3–manifold (M, ξ). Rational surgery on K
with coefficient r = p/q ∈ Q ∪ {∞} (with p, q coprime) is defined as follows: Denote
a tubular neighbourhood of K (diffeomorphic to a solid torus) by νK. Let (µ, λ) be a
positively oriented basis for H1(∂νK;Z) ∼= Z⊕Z, where λ is determined up to sign as the
class of a parallel copy of K determined by the contact framing, and µ is determined by a
suitably oriented meridian (i.e. a nullhomologous circle in νK), cf. [15, p. 672]. We obtain
a new manifoldM ′ by cutting νK out ofM and regluing it by a diffeomorphism of ∂(νK)
sending µ (on the boundary of the solid torus to be glued in) to the curve pµ+ qλ (on
the boundary of M − νK). This procedure determines M ′ up to orientation-preserving
diffeomorphism. For r =∞ the surgery is trivial.
There is a unique contact geometric model for the tubular neighbourhood of a Le-
gendrian knot. In order to describe this, we consider N = R2 × (R/Z) with coordinates
(x, y, z) and contact structure ζ defined by
cos(2πz) dx− sin(2πz) dy = 0.
For each δ > 0, let
Nδ = {(x, y, z) ∈ N : x
2 + y2 ≤ δ2}.
We identify Tδ = ∂Nδ with R
2/Z2, using the contact framing, and write (µ, λ) for a
positively oriented basis for H1(Tδ;Z) ∼= Z⊕Z, with µ corresponding to a meridian and
λ to a longitude determined by this framing. A possible representative of λ would be
{(δ sin(2πz), δ cos(2πz), z) : z ∈ R/Z}.
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The vector field X = x ∂
∂x
+ y ∂
∂y
is a contact vector field for the contact structure ζ,
i.e. its flow preserves ζ. This vector field is transverse to Tδ. Any closed surface in a
contact manifold that admits a transverse contact vector field is called convex [10].
The set ΓTδ of points w ∈ Tδ where X(w) ∈ ζ(w) is equal to
ΓTδ = {(±δ sin(2πz),±δ cos(2πz), z) : z ∈ R/Z}.
This set is called the dividing set of Tδ; its isotopy type is independent of the choice
of contact vector field transverse to Tδ. Notice that the dividing set is made up of two
copies of the longitude determined by the contact framing.
In general, if T is a convex torus in a tight contact 3–manifold, the dividing set ΓT
consists of an even number #ΓT of parallel essential curves. (Conversely, the absence of
homotopically trivial curves on a convex surface Σ 6= S2 in a contact manifold guarantees
that Σ has a tight neighbourhood.) This is (a special case of) Giroux’s criterion, cf. [16,
Thm. 3.5]. After a diffeomorphism isotopic to the identity, one may assume the dividing
curves to be linear relative to an identification of T with R2/Z2. Their slope will be
called the slope s(T ) of the convex torus T . If T bounds a solid torus, our convention
will be to identify it with R2/Z2 in such a way that the meridian µ has slope 0 and the
(chosen) longitude λ has slope ∞. Thus, with respect to the contact framing, the Tδ
above is a convex torus with #ΓTδ = 2 and s(Tδ) =∞. The key observation by Giroux
is that the dividing set of a convex surface Σ encodes all the essential contact geometric
information in a neighbourhood of Σ. In particular, one can glue contact manifolds along
surfaces with the same dividing set (taking boundary orientations into account). The
specific results of Giroux necessary to make this statement precise are summarised in
Section 2 of [2].
We now describe how to perform this rational surgery on K in such a way that the
resulting manifold again carries a contact structure. Write
C = {(x, y, z) ∈ N : x = y = 0}
for the spine of N . Then there is a contact embedding f : (N2, ζ) → (M, ξ) such that
f(C) = K. We want to construct a contact structure ξ′ on the manifold M ′ obtained
from M by rational surgery on K with coefficient r = p/q ∈ Q ∪ {∞}. Let
P = {(x, y, z) ∈ N : 1 ≤ x2 + y2 ≤ 4} = N2 \ IntN1.
Let g : P → P be an orientation-preserving diffeomorphism sending Tδ to Tδ, δ = 1, 2,
and µ to pµ+ qλ.
If p 6= 0, then (g∗)−1(ζ) is a contact structure on P with respect to which Tδ is a
convex torus of non-zero slope. By [16, Thm. 2.3], which gives an enumeration of tight
contact structures on the solid torus with convex boundary as in our situation (and in
particular shows this set of contact structures to be non-empty), the contact structure
(g∗)
−1(ζ) on P can be extended to a tight contact structure ζ′ on N2. Define
M ′ = (M − f(N1)) ∪N2/ ∼,
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where w ∈ P ⊂ N2 is identified with f(g(w)) ∈ M , and equip M ′ with the contact
structure ξ′ it inherits from (M, ξ) and (N2, ζ
′). We say that (M ′, ξ′) is obtained from
(M, ξ) by contact r–surgery on K, r 6= 0.
Topologically,M ′ is completely determined by K and r, but ξ′ depends on the choice
of ζ′. Only for r = 1/k, k ∈ Z, this choice is unique. Moreover, as pointed out in the
introduction, contact (−1/k)–surgery is the inverse of contact (1/k)–surgery [2, Prop. 8];
see the following section for the case k = ±1.
If p = 0 (and q = ±1), then (g∗)−1(ζ) will be a contact structure on P with respect
to which Tδ is a convex torus of slope zero. In that case we use a construction that will
appear again in various guises in the discussion of Lutz twists below. Namely, consider
a solid torus S1 ×D2 with S1–coordinate θ and polar coordinates r, ϕ on D2. Write µ0
for the meridian of this solid torus and λ0 for a longitude given by setting ϕ equal to a
constant. Let ζ0 be the contact structure on S
1 ×D2 defined by the differential 1–form
β0 = h1(r) dθ+h2(r) dϕ. Here we impose the following general conditions on the smooth
plane curve r 7→ γ(r) = (h1(r), h2(r)):
• h1(r) ≡ ±1 and h2(r) = ±r2 for r near 0; this guarantees that the 1–form β0 is
actually defined at r = 0.
• Position vector γ(r) and velocity vector γ′(r) are never parallel to each other (in
particular γ(r) 6= (0, 0)); this ensures that β0 = 0 does indeed define a contact
structure, cf. [8].
Without loss of generality we shall always assume that γ(r) winds in counter-clockwise
(i.e. positive) direction around the origin. This amounts to fixing the orientation of
S1 ×D2 as the one given by dθ ∧ r dr ∧ dϕ.
In order to define 0–surgery, we further require that h1(1) = 1 and h2(1) = 0, and
that γ(r) completes exactly one half-turn as r increases from 0 to 1. Then along the
boundary T 2 = ∂(S1 × D2) the contact structure is given by dθ = 0. Recall that the
characteristic foliation Σξ of a surface Σ in a contact manifold (M, ξ) is the singular
1–dimensional foliation defined by the intersection of the tangent planes of Σ with ξ.
Hence, the characteristic foliation T 2ζ0 consists of the meridional loops. By a C
∞–small
perturbation of T 2 (inside a slight thickening of S1 × D2) one can turn this 2–torus
into a convex surface with #ΓT 2 = 2 and slope 0, see [11, p. 795/6]. Then the solid
torus with this convex boundary can be glued into M − f(N1), using the attaching map
corresponding to p = 0, i.e. the map that sends µ0 to λ and λ0 to −µ, say. (Notice, in
particular, that the proviso ‘if such exists’ in Remark (1), Section 3 of [2] was superfluous.)
3 Contact (±1)–surgeries
We follow Weinstein [25] in the description of contact (±1)–surgeries as symplectic han-
dlebody surgeries. Consider R4 with coordinates x, y, z, t and standard symplectic form
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ω = dx ∧ dy + dz ∧ dt. The vector field
Z = 2x∂x − y∂y + 2z∂z − t∂t
is a Liouville vector field for ω, that is,
LZω = d(iZω) = ω.
This implies that α = iZω defines a contact form on any hypersurface in R
4 transverse
to Z.
First we consider the hypersurface V = {y2 + t2 = ε2}. Introduce a new coordinate
θ by setting y = ε cos θ, t = ε sin θ. Then
α|V = ε
(
(−2x sin θ + 2z cos θ) dθ + cos θ dx+ sin θ dz
)
.
Observe that the circle L = V ∩ {x = z = 0} is Legendrian, and that the radial vector
field x∂x + z∂z is a contact vector field. The contact structure near L is not quite in the
normal form considered in the previous section, but it is sufficient to know that small
enough neighbourhoods of any two Legendrian knots are contactomorphic.
Z
x, z
y, t
{y2 + t2 = ε2}
{x2 + z2 = δ2}
Figure 1: Contact (−1)–surgery.
Figure 1 shows how to attach a 2–handle (with boundary transverse to Z) along a
tubular neighbourhood of L in V . We want to show that this amounts to a contact
(−1)–surgery along L: The orientation on V is given by α ∧ dα = ε2dx ∧ dz ∧ dθ, and
the contact framing of L in V by sin θ ∂x − cos θ ∂z. This implies that the framing of the
surgery, given by ∂x, makes one negative twist in the xz–plane relative to the contact
framing as we go once around L in θ–direction (this sign is independent of the choice of
orientation for L).
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Given a Legendrian knot K in a contact manifold (M, ξ), a small neighbourhood of
K is contactomorphic to a neighbourhood of L in V . Therefore the handle described in
Figure 1 can be used to perform a contact (−1)–surgery on K.
If (M, ξ) is strongly symplectically fillable (∅ ≺ (M, ξ) in the notation of the in-
troduction), that is, M is the boundary of a symplectic manifold (W,ω) admitting a
Liouville vector field Z near ∂W = M , transverse to M , pointing outwards, and sat-
isfying ker iZω = ξ, then the construction shows that the surgered manifold will again
be strongly symplectically fillable (for this one also needs to ‘glue’ the Liouville vector
field on W near K ⊂M and that in the handle picture near L, see [25] for the technical
details).
On V ′ = {x2 + z2 = δ2} by contrast, and with x = δ cosϕ, z = δ sinϕ, we have
α|V ′ = δ
(
(−y sinϕdϕ+ t cosϕdϕ) + 2 cosϕdy + 2 sinϕdt
)
.
Now we have α∧dα = 2δ2dt∧dy∧dϕ, and the contact framing of L′ = V ′∩{y = t = 0} is
given by sinϕ∂y− cosϕ∂t. So the framing ∂y of the surgery indicated in Figure 2 makes
one positive twist in the ty–plane relative to the contact framing when going once around
L′ in ϕ–direction. Hence this amounts to a contact (+1)–surgery. It can be performed as
a symplectic handlebody surgery on the concave end of a symplectic cobordism (where
the Liouville vector field points inward).
x, z
y, t
Z
{x2 + z2 = δ2}
Figure 2: Contact (+1)–surgery.
Figure 3 shows that the composition of a contact (−1)–surgery and a contact (+1)–
surgery leads to a manifold contactomorphic to the one we started from. Given two
hypersurfaces in a symplectic manifold, both transverse to the same Liouville vector field
Z and with contact structures induced by Z, one can show by a straightforward calcula-
tion (cf. [25, Lemma 2.2]) that the local diffeomorphism between the two hypersurfaces
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defined by following the integral curves of Z is a contactomorphism. Thus, we simply
have to move the ‘bump’ in Figure 3 along the integral curves of Z back to the original
hypersurface V .
Z
Figure 3: Composition of a contact (−1)–surgery and a (+1)–surgery.
The same figure gives an elementary proof (not appealing to an h–principle, for
instance) that an iteration of contact (±1)–surgeries may be replaced by a simultaneous
contact surgery (without changing the surgery coefficients) along a suitable link. This
amounts, as it were, to a handle reordering lemma for contact surgeries. Suppose we
have performed a surgery along a Legendrian knot K1 as in Figure 1, and we now want
to carry out a further surgery along a Legendrian knot K2 in the surgered manifold. By
a contact isotopy we can move K2 away from the belt sphere of the first surgery (such
contact isotopies can easily be constructed using contact Hamiltonians, cf. [9]). As before,
we see that the complement of a neighbourhood of this belt sphere is contactomorphic
to the complement of a neighbourhood of K1 in the original manifold. Using the radial
contact vector field near K1, we can move K2 away from the first handle.
4 Front projections
As a first preparation for the proof of Theorem 1 we recall how to describe Legendrian
links in R3 with its standard tight contact structure dz + x dy = 0 (which is contac-
tomorphic to (S3, ξ0) with a point removed, and the universal local model for contact
structures).
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We visualise links in R3 by projecting them into the (y, z)–plane. The condition for
p(t) = (x(t), y(t), z(t)) to describe a Legendrian curve in R3 is that z′(t) + x(t)y′(t) = 0.
Any closed curve p(t) = (y(t), z(t)) in the (y, z)–plane that may have cusps and transverse
self-crossings, but does not have any vertical tangencies (such a curve will be called a
front), comes from a unique Legendrian knot p(t) in R3, found by setting −x(t) equal to
the slope of p(t). Cusps of p(t) correspond to points where p(t) is parallel to the x–axis.
The plane curve p(t) is called the front projection of p(t). The theory of front pro-
jections was developed by Arnol’d [1]; all information relevant for our purposes can be
found in Section 1 of [15].
There are two Legendrian isotopy invariants of oriented Legendrian knots K, viz.
the Thurston-Bennequin invariant tb(K) and the rotation number r(K). The Thurston-
Bennequin invariant measures the linking number of K with its push-off determined by
the contact framing; we refer to [15] for the definition of the rotation number. In the
present context we only need to know the following properties of these invariants:
• If the front projection K of the Legendrian knot K ⊂ R3 has no crossings, then
tb(K) = −c(K)/2, where c(K) denotes the number of cusps of the front projection.
(This is immediate from the definition of tb(K).)
• The rotation number r(K) is equal to λ−(K) − ρ+(K), where λ− denotes the
number of cusps with vertex on the left and oriented downwards, ρ+ the number
of right cusps oriented upwards (remember that K has to be oriented). Changing
the orientation of K will change the sign of r(K) (and leave tb(K) unaltered).
• For the trivial knot K, these invariants satisfy the Thurston-Bennequin inequality
tb(K) + |r(K)| ≤ −1.
The consequences of these properties that we shall use in the next section are the follow-
ing:
(i) The Legendrian knot K0 in R
3 whose front projection is a simple closed curve with
two cusps has the invariants tb(K0) = −1 and r(K0) = 0.
(ii) By approximating the front projection of K0 by a front with an additional zigzag (a
left and a right cusp, oriented up or down) and no self-crossings, we can decrease
the Thurston-Bennequin invariant by 1 (i.e. add a negative twist to the contact
framing) and decrease or increase the rotation number by 1. Hence, by adding n
zigzags we can realise tb = −n− 1 and any of the n+ 1 different rotation numbers
−n,−n+ 2,−n+ 4, . . . , n− 2, n,
i.e. all values in steps by 2 in the range allowed by the Thurston-Bennequin in-
equality.
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Another useful fact that can easily be proved using the concept of front projections is that
any knot p(t) = (x(t), y(t), z(t)) in R3 can be C0–approximated by a Legendrian knot:
simply approximate the plane curve (y(t), z(t)) by a front (with many zigzags) whose
slope approximates −x(t). The same is true for knots in arbitrary contact manifolds.
5 Equivalent contact surgeries
The strategy for proving Theorem 1 is as follows. Let (M, ξ) be given. By the topological
surgery presentation theorem of Lickorish [18] and Wallace [24], the manifold M can be
obtained by performing integer surgery along a link in S3. Thus, conversely, we can
recover S3 by integer surgery along a link in M . By the remark at the end of the
preceding section, we may assume this to be a Legendrian link, so that we can perform
the surgeries as contact integer surgeries. The final product of these surgeries will be S3
with some contact structure ξ′0.
In the present section we show that all these contact integer surgeries may be replaced
by contact (±1)–surgeries along a different link. In the next section we show how to
transform (S3, ξ′0) into (S
3, ξ0) by further contact (±1)–surgeries. Notice that the surgery
curves may be moved about by contact isotopies (which exist in abundance due to their
constructibility via contact Hamiltonians); this allows to replace an iteration of contact
surgeries by a simultaneous contact surgery (without altering the surgery coefficients)
along a suitable link.
Proposition 3. Any contact r–surgery with r < 0 can be obtained by a sequence of
contact (−1)–surgeries.
Proof. We want to show that a contact r–surgery, r < 0, along a Legendrian knot K
may be replaced by a sequence of contact (−1)–surgeries along suitable Legendrian knots
inside a tubular neighbourhood νK of K. This would seem to suggest that one should
identify νK with S1 ×D2 using the contact framing of K. For our inductive procedure,
however, it turns out to be more opportune to twist this framing by −1.
Thus, we set N0 = S
1 ×D2 and write µ0 for its meridian and λ0 for the longitude
determined by setting ϕ equal to a constant (in the usual coordinates (θ, r, ϕ) on S1×D2).
Recall the following result [17, Thm. 8.2], cf. [16, Prop. 4.3] (which is the reason why
contact (1/k)–surgery is uniquely defined, see [2, Prop. 7]):
Proposition 4. For any integer k (including 0) there exists a unique (up to isotopy fixed
at the boundary) tight contact structure on S1 × D2 with a fixed convex boundary with
#Γ∂(S1×D2) = 2 and slope s(∂(S
1 ×D2)) = 1/k.
Let ξ be the essentially unique tight contact structure on N0 with #Γ∂N0 = 2 and
boundary slope −1. In other words, the longitude determined by the contact framing is
λ0 − µ0. Thus, if µ denotes the meridian of νK and λ the longitude of νK determined
by the contact framing, then the identification of N0 with νK is given by
µ0 7−→ µ, λ0 7−→ µ+ λ,
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so that λ0 − µ0 7→ λ.
If we let the meridian correspond to the first coordinate direction in R2/Z2, and
the longitude to the second, then the above identification is described by the matrix(
1 1
0 1
)
.
Now let K1 be a Legendrian knot in N0, isotopic to the spine S
1 × {0}, and with
boundary slope 1/(r1+1), r1+1 ≤ −1. That is,K1 has a tubular neighbourhoodN1 ⊂ N0
(with convex boundary ∂N1 with #Γ∂N1 = 2) such that, under the diffeomorphism of
∂N1 with ∂N0 determined by the isotopy of K1 with S
1 × {0}, the longitude of ∂N1
determined by the contact framing is equal to λ0 + (r1 + 1)µ0 (and meridian still equal
to µ0). For r1 + 1 ≤ −1 this is exactly what remark (ii) in the preceding section allows
us to do.
The subscript i = 0, 1 in Ni here is of course just a counter and does not refer to the
radius of these solid tori. The same applies to all subsequent occurences of the notation
‘Ni’. There should be little grounds for confusion with the notation in Section 2 in the
definition of contact r–surgery.
Now perform a contact (−1)–surgery on K1. That is, we cut out N1 and glue back a
solid torus N ′1 by sending its meridian µ1 to
µ0 − (λ0 + (r1 + 1)µ0) = −r1µ0 − λ0.
We may choose a longitude λ1 for N
′
1 such that the gluing is described by the matrix(
−r1 1
−1 0
)
∈ SL(2,Z) with respect to (µ1, λ1) and (µ0, λ0) (that is, λ1 maps to µ0).
Notice that the surgered N0 is still a solid torus: after cutting out N1 we have a torus
shell T 2 × [0, 1], and we glue a solid torus N ′1 to one of its boundary components.
Observe that the curve λ1 − µ1 on ∂N ′1 is mapped to a dividing curve
λ0 + (r1 + 1)µ0
on ∂N1. This determines the extension of the contact structure over N
′
1; it is the unique
tight contact structure for which ∂N ′1 is convex with #Γ∂N ′1 = 2 and s(∂N
′
1) = −1.
We now let N ′1 take the role of N0. That is, we choose a Legendrian knot isotopic
to the spine of N ′1 and with boundary slope 1/(r2 + 1) (expressed in terms of (µ1, λ1)),
where r2 + 1 ≤ −1, and we perform contact (−1)–surgery on this knot. Continuing this
process, we see that by a sequence of (−1)–surgeries (say n of them) we can realise a
topological r–surgery, where r = p/q is related to the integers r1, . . . , rn ≤ −2 by(
1 1
0 1
)(
−r1 1
−1 0
)(
−r2 1
−1 0
)
· · ·
(
−rn 1
−1 0
)
=
(
p p′
q q′
)
.
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From this one finds that p/q has the continued fraction expansion
r1 + 1−
1
r2 −
1
· · · −
1
rn
,
see [22, Thm. 7.1.1], for instance. We abbreviate this continued fraction as [r1 +
1, r2, . . . , rn]. The following lemma we leave as a simple exercise (use the Euclidean
algorithm with negative remainders).
Lemma 5. Any rational number r < 0 can be written in the form
r = [r1 + 1, r2, . . . , rn]
with r1, . . . , rn ≤ −2.
The next thing to notice is that the topological r–surgery we obtain in this way is
actually a contact r–surgery. For this we only need to show that we still have a tight
contact structure on the surgered N0 (in general, although contact r–surgery is defined
by choosing a tight extension over the solid torus to be glued in, the resulting contact
structure on the surgered manifold need not be tight). But this follows from the fact that
contact (−1)–surgeries correspond to symplectic handlebody surgeries. Furthermore, N0
has a contact embedding into (S3, ξ0), which is symplectically filled by the standard
4–ball B4. So we can realise the surgered N0 as a subset of the manifold obtained as
the new boundary after attaching n symplectic 2–handles to B4 along S3 = ∂B4. As a
symplectically fillable contact manifold, it is tight. See [6] for more details on the notions
used in this paragraph.
It remains to show that any contact r–surgery can be performed in this way. The net
result of performing the sequence of (−1)–surgeries inside N0 is a solid torus with a tight
contact structure and with convex boundary ∂N0 whose dividing set has two components
(for the boundary has remained unchanged). The slope of the dividing set has changed,
however. To determine this slope, we need to find the curve on ∂N ′n (the boundary of
the last solid torus to be glued in) that maps to λ0 − µ0 under the successive gluings.
That is, s(∂N0) = y/x, where x and y are determined by(
−r1 1
−1 0
)
· · ·
(
−rn 1
−1 0
)(
x
y
)
=
(
−1
1
)
.
In analogy with the considerations above one finds y/x = [rn, . . . , r2, r1+1]. Notice that
[rn, . . . , r2, r1 + 1] = [rn, . . . , rk+1, rk + 1],
where k is the smallest index for which rk < −2 (if all ri are equal to −2, then the
continued fraction equals −1). As proved by Honda [16, Thm. 2.3], cf. [12], the number
of tight contact structures on the solid torus with this convex boundary is equal to
|(rn + 1) · · · (r1 + 1)|
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(beware that Honda’s notation differs slightly from ours). We claim that this is exactly
the number of tight contact structures we can produce by choosing our surgery curves
K1, . . . ,Kn suitably. Indeed, we had fixed tb(Ki) = ri + 1 ≤ −1 (where we regard Ki as
a Legendrian knot in N ′i−1 ≡ N0 ⊂ (S
3, ξ0)), and then by remark (ii) in the preceding
section we have a choice of |ri + 1| different rotation numbers. One now argues as in
the proof of [16, Prop. 4.18] (building on a result of Lisca and Matic´) that the resulting
contact structures are pairwise distinct.
This completes the proof of Proposition 3.
As a direct consequence of this proof we see that our problem of replacing integer
surgeries by (±1)–surgeries has a simple solution for negative surgery coefficients.
Corollary 6. Any contact n–surgery with n ∈ Z− can be replaced by a suitable (−1)–
surgery.
Next we deal with positive integer surgery coefficients. Again we begin by proving a
more general statement about surgery with positive rational coefficient.
Proposition 7. Any contact r–surgery with r > 0 can be obtained by a contact (1/k)–
surgery with some positive integer k, followed by a suitable contact r′–surgery with r′ < 0.
Proof. Write r = p/q with p, q coprime positive integers. Choose integers p′, q′ such
that pq′ − qp′ = 1. Then, topologically, r–surgery along a Legendrian knot K is defined
by cutting out a tubular neighbourhood νK and gluing back a solid torus N0 with the
attaching map
µ0 7−→ pµ+ qλ, λ0 7−→ p
′µ+ q′λ,
where the notation is as in the proof of Proposition 3; in particular, λ denotes the
longitude determined by the contact framing of K.
This means that −p′µ0+pλ0 is glued to the dividing curve λ. So the possible contact
r–surgeries are determined by the tight contact structures on N0 with convex boundary
satisfying #Γ∂N0 = 2 and s(∂N0) = −p/p
′.
Now choose a positive integer k such that q−kp < 0. We can perform a (1/k)–surgery
on K by cutting out νK and gluing in N0, with gluing map
µ0 7−→ µ+ kλ, λ0 7−→ λ.
The unique contact (1/k)–surgery is defined by the tight contact structure on N0 with
convex boundary satisfying #Γ∂N0 = 2 and s(∂N0) =∞ (in terms of (µ0, λ0)), in other
words, by taking N0 to be the standard neighbourhood of a Legendrian knot.
Next perform r′–surgery along the spine of N0, with r
′ = p/(q − kp). That is, cut
out a tubular neighbourhood N1 of the spine of N0 and glue back a solid torus N
′
1 with
the attaching map
µ1 7−→ pµ0 + (q − kp)λ0, λ1 7−→ p
′µ0 + (q
′ − kp′)λ0.
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Since (
1 0
k 1
)(
p p′
q − kp q′ − kp′
)
=
(
p p′
q q′
)
,
the net result of these two surgeries is the desired r–surgery.
We see that −p′µ1+pλ1 is glued to λ0, so again the possible contact surgeries are the
ones corresponding to tight contact structures on the solid torus with boundary slope
−p/p′. Moreover, since rational contact surgery with negative coefficient can be effected
by a sequence of contact (−1)–surgeries, i.e. symplectic handlebody surgeries, the result
of performing a contact r′–surgery on N0 (which can be realised on N0 ⊂ (S3, ξ0), for
instance) will be a tight contact structure on all ofN0. So the different choices correspond
exactly to the different contact r–surgeries along K.
Again we can specialise this to contact surgeries with positive integer coefficients.
Corollary 8. Any contact n–surgery with n ∈ Z+, n ≥ 2, is equivalent to a contact
(+1)–surgery followed by a contact (n/(1−n))–surgery, and hence (by Proposition 3) to
a contact (+1)–surgery followed by a sequence of contact (−1)–surgeries.
The only case left open is that of a contact 0–surgery. We claim that the result of
any contact 0–surgery is the same as that of a suitable contact (+1)–surgery. We defer
the proof of this fact to the next section, because it can best be dealt with in the context
of Lutz twists. Taking this statement about 0–surgery for granted, we have proved that
by performing contact (±1)–surgeries along a Legendrian link in M , we can obtain S3
with some contact structure.
6 Lutz twists and contact surgeries
In order to prove Theorem 1 it remains to show that, given any contact structure ξ′0
on S3, one can find a Legendrian link in S3 such that contact (±1)–surgery along this
link produces (S3, ξ0). For this it is sufficient to observe that (S
3, ξ′0) can be obtained
from (S3, ξ0) by suitable so-called Lutz twists, and that any Lutz twist is equivalent to
certain integer surgeries. We shall now elaborate on these points.
First recall the concept of a Lutz twist. Let K be any knot in a contact 3–manifold
(M, ξ) that is transverse to ξ. Then K has a tubular neighbourhood S1 × D2r0 ⊂ M ,
where D2r0 denotes the open 2–disc of radius r0 and K ≡ S
1 × {0}, on which ξ is given
by dθ + r2dϕ in the coordinates (θ, r, ϕ) used before, cf. [21]. By a diffeomorphism of
the solid torus S1 ×D2r0 given by Dehn twists along the meridian (which amounts to a
different choice of longitude) and rescaling the r–coordinate we may assume that r0 > 1.
A simple Lutz twist along K is defined by replacing ξ on S1 × D2r0 by the contact
structure β0 = 0, where β0 = h1(r) dθ + h2(r) dϕ is defined as in Section 2, subject to
the following conditions (for some small ε > 0):
• h1(r) ≡ −1 and h2(r) ≡ −r2 for r < ε,
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• h1(r) ≡ 1 and h2(r) = r2 for r > 1− ε,
• (h1(r), h2(r)) does not complete a full turn around (0, 0) as r goes from 0 to r0.
Such a simple Lutz twist does not change the topology of the underlying manifold, but it
does, in general, change the homotopy type of the contact structure (as a 2–plane field).
A full Lutz twist is defined by the conditions
• h1(r) ≡ 1 and h2(r) = r2 for r < ε and r > 1− ε,
• (h1(r), h2(r)) completes exactly one full twist around (0, 0).
A full Lutz twist does not change the homotopy type of the contact structure as a 2–plane
field, nor the topology of the underlying manifold.
Notice that the disc {θ0} ×D2r′
0
, where r′0 > 0 is chosen such that h2(r
′
0) = 0, is an
overtwisted disc (after a small perturbation). In the case of a simple Lutz twist, r′0 is
unique; in the case of a full Lutz twist there are two choices.
Homotopy classes of (cooriented) 2–plane fields on S3 are classified by the homotopy
group π3(S
2) ∼= Z. As shown by Lutz [19], cf. [20] (again, the full details are folklore),
each of these homotopy classes contains a contact structure, obtained by suitable Lutz
twists from (S3, ξ0). Moreover, Eliashberg [5] has given a complete classification (up to
isotopy) of contact structures on S3: Each homotopy class contains exactly one over-
twisted contact structure, and the only tight contact structure is the standard one ξ0.
The overtwisted contact structure that is homotopic to ξ0 as a 2–plane field can be ob-
tained from ξ0 by a full Lutz twist. In conclusion, every contact structure on S
3 can be
obtained from ξ0 by Lutz twists.
Proposition 9. A simple Lutz twist is equivalent to two contact (+1)–surgeries.
Proof. (cf. [7, Prop. 4.3]) Consider N0 = S
1×D2r0 with r0 > 1 and contact structure ζ0
given by h1(r) dθ + h2(r) dϕ = 0, with h1, h2 as described above for a simple Lutz twist.
Let r1 be the unique radius for which h1(r1) = −h2(r1) > 0. Then along the 2–torus
Tr1 = {r = r1} the contact structure ζ0 is given by dθ − dϕ = 0, so the characteristic
foliation on Tr1 is linear of slope dθ/dϕ = 1. As r goes from 0 to r1, the slope of the
characteristic foliation on Tr decreases monotonically from 0 to −∞, and then further
from ∞ to 1. This shows that the restriction of ζ0 to N1 = S1 × D2r1 is tight, for by
Dehn twists along the meridian and rescaling the r–coordinate we can embed this into
the solid torus with its standard tight contact structure dθ + r2 dϕ = 0.
Now perturb Tr1 into a convex torus of slope 1 as described at the end of Section 2.
Then the restriction of ζ0 to the perturbed N1 is the tight contact structure uniquely
determined by this convex boundary and may be thought of as a standard neighbourhood
of its Legendrian spine K1. Notice that the contact framing of K1 is given by λ0 + µ0.
As a next step, we perform contact (−1)–surgery along K1. That is, we cut out N1
and glue back a solid torus N ′1 with the attaching map
µ1 7−→ µ0 − (λ0 + µ0) = −λ0, λ1 7−→ µ0.
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This means that λ1 − µ1 is mapped to the dividing curve λ0 + µ0, so N ′1 carries the
unique tight contact structure with convex boundary of slope −1.
We now claim that the net result of performing a simple Lutz twist and the described
contact (−1)–surgery is a contact (+1)–surgery. To prove this, perturb the 2–torus
T1 = {r = 1} into a convex torus with dividing set of slope −1 with respect to (µ0, λ0)
(and two components, as usual). Consider the thickened torus T 2×[r1, 1] with boundaries
the perturbed Tr1 and T1. The restriction of ζ0 to this thickened torus is tight (after a
diffeomorphism of the thickened torus it is seen to embed into the standard tight structure
on S1×D2), the boundaries are convex, and ζ0 is minimally twisting in the sense of [16,
Section 2.2.1], that is, the contact structure twists minimally in radial direction to satisfy
the boundary conditions. Notice that with respect to (µ1, λ1) the slope of T1 is +1, since
λ1 + µ1 is glued to µ0 − λ0. Moreover, with respect to (µ1, λ1) the slope twists from −1
on Tr1 to +1 on T1 by passing via ±∞ rather than 0 (λ1 is glued to µ0).
Let r′1 be the radius determined by h1(r
′
1) = h2(r
′
1) < 0. We then see that T
2 ×
[r1, 1] is contactomorphic to T
2 × [r′1, r1] (either equipped with the restriction of ζ0,
and with perturbed boundaries). Furthermore, by Proposition 4 we know that N ′1 is
contactomorphic to the perturbed S1 × D2r′
1
. We conclude that N ′1 ∪ T
2 × [r1, 1] is
contactomorphic to the perturbed N1, i.e. the solid torus with the essentially unique
tight contact structure with convex boundary of slope +1.
The perturbed T1 has slope −1 with respect to (µ0, λ0), so it may be regarded as
the boundary of a standard tubular neighbourhood of a Legendrian knot with contact
framing λ0−µ0. So the result of performing a Lutz twist and a (−1)–surgery as described
is to cut out this tubular neighbourhood, glue in a solid torus N ′2 with attaching map
that sends µ2 to −λ0 = −µ0 − (λ0 − µ0), and extend with the unique tight contact
structure on N ′2 determined by this gluing. This amounts to a contact (+1)–surgery.
We conclude that this last contact (+1)–surgery, followed by the contact (+1)–surgery
reversing the (−1)–surgery along K1, amounts to a simple Lutz twist.
As a more or less immediate corollary of this proof we have the following results.
They complete the proof of Theorem 1.
Proposition 10. (i) A full Lutz twist is equivalent to four contact (+1)–surgeries.
(ii) A contact 0–surgery is equivalent to a contact (+1)–surgery.
Proof. Argue as in the proof of the preceding proposition. For (i), perform a contact
(−1)–surgery determined by the torus Tr1 , where h1(r1) = −h2(r1) < 0, then a contact
(−1) surgery determined by Tr2 , where h1(r2) = h2(r2) < 0. This reduces a full Lutz
twist to a simple Lutz twist.
For (ii), perform a contact (−1)–surgery as in the case of a simple Lutz twist. This
reduces the contact 0–surgery to a trivial surgery. (The relation between the two Le-
gendrian knots corresponding to the contact 0–surgery and (+1)–surgery, respectively, is
analogous to that in the case of contact surgeries with different negative integer framings,
as discussed in the proof of Proposition 3.)
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